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MARIA JOITA 

Abstract. The order relation on the set of completely n-positive linear maps 
from a pro-C*-algebra A to L(H), the C*-algebra of bounded linear operators 
on a Hilbert space H, is characterized in terms of the representation associated 
with each completely n-positive linear map. Also, the pure elements in the set 
of all completely n-positive linear maps from A to L(H) and the extreme 
points in the set of unital completely n-positive linear maps from A to L(H) 
are characterized in terms of the representation induced by each completely 
n-positive linear map. 

1. Introduction and preliminaries 

Stincspring [12] showed that any completely positive linear map from a C*- 
algebra A to L(H), the C*-algebra of bounded linear operators on a Hilbert space 
H , induces a representation of A on another Hilbert space that generalizes the GNS 
construction for positive linear functionals on C*-algebras. In [1], Arveson proved 
a Radon- Nikodym type theorem which gives a description of the order relation on 
the set CPoo(A, L(H)) of all completely positive linear maps from a C*-algebra A 
to L(H) in terms of the Stinespring representation associated with each completely 
positive linear map, and using this theorem, he established characterizations of pure 
elements in the set of completely positive linear maps from A to L(H) and extreme 
elements in the set of all unital completely positive linear maps from A to L(H) 
in terms of the Stinespring representation associated with each completely positive 
linear map. 
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Kaplan [10] introduced the notion of multi-positive linear functional on a C*- 
algebra A (that is, an n x n matrix of linear functionals on A which verifies the 
positivity condition) and showed that any multi-positive linear functional on A 
induces a representation of A on a Hilbert space. Also, he proved a Radon-Nikodym 
type theorem for multi-positive linear functionals on a C*-algebra A. In [13, 14] 
Suen considered the n x n matrices of continuous linear maps from a C*-algebra A 
to L(H) and showed that a unital completely n-positive linear map from a unital 
C*-algebra A to L(H) induces a representation of A on a Hilbert space in terms of 
the Stincspring construction. 

A pro-C*-algebra A is a complete Hausdorff topological *-algebra over C whose 
topology is determined by its continuous C*-seminorms in the sense that the net 
{a-i}iei converges to in A if and only if the net {p(ai)}i e i converges to for any 
continuous C*-seminorm p on A; equivalently, A is homeomorphically ^-isomorphic 
to an inverse limit of C*-algebras. So, pro-C*-algebras are generalizations of C*- 
algebras. Instead of being given by a single norm, the topology on a pro-C*-algebra 
is defined by a directed family of C*-seminorms. Besides an intrinsic interest in 
pro-C*-algebras as topological algebras comes from the fact that they provide an 
important tool in investigation of certain aspects of C*-algebras ( like multipliers 
of the Pedersen ideal [2, 11]; tangent algebra of a C*-algebra [11]; quantum field 
theory [3]). In the literature, pro-C*-algebras have been given different name such 
as 6*-algebras ( C. Apostol ), LMC*-algebras ( G. Lassner, K. Schmudgen) or 
locally C*-algebras [4, 6, 7, 8, 9]. 

A representation of a pro-C*-algebra A on a Hilbert space H is a continuous * 
-morphism from A to L{H). In [4] it is showed that a continuous positive linear 
functional on a pro-C*-algebra A induces a representation of A on a Hilbert space 
in terms of the GNS construction. Bhatt and Karia [2] extended the Stinespring 
construction for completely positive linear maps from a pro- C*- algebra A to L (H). 
In [9], we extend the KSGNS (Kasparov, Stinespring, Gel'fend, Naimark, Segal) 
construction for strict completely n-positive linear maps from a pro-C*-algebra A 
to another pro-C*-algebra B. 

In this paper we generalize various earlier results by Arveson and Kaplan. The 
paper is organized as follows. In Section 2, we establish a relationship between 
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the comparability of nondegenerate representations of A and the matricial order 
structure of B(A,L(H)), the vector space of continuous linear maps from A to 
L{H) (Proposition 2.6). This is a generalization of Proposition 2.2, [10]. Section 3 
is devoted to a Radon-Nikodym type theorem for completely multi-positive linear 
maps from A to L(H). As a consequence of this theorem, we obtain a criterion of 
pureness for elements in CP^ D (A, L(H)) in terms of the representation associated 
with each completely n-positivc linear map (Corollary 3.6 ). In Section 4 we prove 
a sufficient criterion for a completely n-positive linear map from A to L(H) to be 
pure in terms of its components (Lemma 4.1) and using this result we determine 
a certain class of extreme points in the set of all unital completely positive linear 
maps from A to L(H n ), where H n denotes the direct sum of n copies of the Hilbcrt 
space H (Corollary 4.3). Finally, we give a characterization of the extreme points 
in the set of all unital completely n-positive linear maps from A to L(H ) (Theorem 
4.4) that extends the Arveson characterization of the extreme points in the set of 
all unital completely positive linear maps from a C*-algebra A to L(H). 

2. Representations associated with completely n-posmvE linear maps 

Let A be a pro-C*-algebra and let H be a Hilbert space. An n x n matrix 
[Pij]" - _! of continuous linear maps from A to L(H) can be regarded as a linear 
map p from M n (A) to M n {L(H)) defined by 

p ([°iji ? j=i) = [p«K-)]r j= i- 

It is not difficult to check that p is continuous. We say that [p^] " is an n-positive 
(respectively completely n-positive) linear map from A to L(H) if the linear map p 
from M n (A) to M n (L(H)) is positive (respectively completely positive). The set of 
all completely positive linear maps from A to L(H) is denoted by CPoo(A, L(H)) 
and the set of all completely n-positive linear maps from A to L(H) is denoted by 
CP™ (A, L(H)). If p and 6 arc two elements in CP™ {A, L(H)) , we say that 6 < p 
if p - 9 is an element in CP™ (A, L{H)) . 

Remark 2.1. In the same manner as in the prof of Theorem 1.4 in [5], we can 
show that the map S from CP™ (A,L(H)) to CP oa (A, M n (L(H))) defined by 

5 (k-C=i)( a )= [Pij (")]",•=! 
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is an affine order isomorphism. 

The following theorem is a particular case of Theorem 3.4 in [9]. 

Theorem 1. Let A be a pro-C* -algebra, let H be a Hilbert space and let p = 
[Pij]"j_ 1 be a completely n-positive linear map from A to L(H). Then there is a 
representation $ p of A on a Hilbert space H p and there are n elements V p .i, V p . n 
in L (H, H p ) such that 

(1) p { j (a) = Vp fep (a) Vp.j for all a G A and for all i,j G {1, n}; 

(2) {$ p (a)V^i£; a 6i,{eff,l<!<n} spans a dense subspace of H p . 

The n + 2 tuple ($ p , H p , V Pi i, V p . n ) constructed in Theorem 2.2 is said to be 
the Stinespring representation of A associated with the completely n-positive linear 
map p. 

Remark 2.2. The representation associated with a completely n-positive linear 
map is unique up to unitary equivalence [9, Theorem 3.JH. 

Remark 2.3. Let ($ p , H p , V Pi i, V Pin ) be the Stinespring representation associ- 
ated with a completely n-positive linear map p = For each i G {1, ...,n}, 
we denote by Hi the Hilbert subspace of H p generated by {$ p (a)V Pi i€; a G A, £ G H} 
and by Pi the projection in L (H p ) whose range is Hi. Then Pi G $ P (A)', the corn- 
mutant of$>p(A) in L (Hp), and a i— > $ p (a)Pi is a representation of A on Hi which 
is unitarily equivalent with the Stinespring representation associated with p u for all 
i G {l,...,n}. Since $ p is a nondegenerate representation of A, 

lim$ p (e A )£ = <e 

for some approximate unit {e\}\^^ for A and for all £ G H [7, Proposition 4-2], 
and then 

P t V P 4 = lim Pi$p(e x )Vp4 = V P 4 
for all £ G H and for all i G {1, ...,n}. Therefore PiVp.i = V Pi i for all i G {1, ...,n}. 

Remark 2.4. If p = [py]? ._ 1 is a diagonal completely n-positive linear map from 
A to L(H) (that is, p^ =0 if i ^ j), then the Stinespring representation associated 
with p is unitarily equivalent with the direct sum of the Stinespring representations 
associated with p u , i G {1, ...,n}. 
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Two completely n-positive linear maps p and 9 from A to L(H) are called dis- 
joint (respectively unitarily equivalent ) if the representations of A induced by p 
respectively 9 are disjoint (respectively unitarily equivalent). 

The following proposition is an analogue of Proposition 2.2 in [10] for completely 
n-positive linear maps. 

Proposition 2.5. Let p n and p 22 be two completely positive linear maps from A to 
L (H). Then p n and p 22 are disjoint if and only if there are no nonzero continuous 
linear maps p 12 and p 21 such that p = [Pyjj is a completely 2-positive linear 
map from A to L{H). 

Proof. Suppose that p n and p 22 are disjoint and p = [py]^ ._ x is a completely 
2-positive linear map from A to L(H). Let (<£> p , H p , V Pi \, V p . 2 ) be the Stinespring 
representation associated with p. Since p n and p 22 are disjoint, the central carriers 
of projections Pi and P 2 (see Remark 2.4) arc orthogonal and so P1P2 = 0. Then 

P12W = V;^ p (a)V pa - V p * !l P 1 ^ p (a)P 2 V p , 2 = V p * 1 <^ p (a)P 1 P 2 V pa = 

for all a G A, and since p 21 {a) = (p 12 {a*))* for all a G A, we conclude that p 12 = 
P21 = 0. 

Conversely, suppose that there are no nonzero continuous linear maps p 12 and p 21 
such that p = [Pij] i ._ x is a completely 2-positive linear map from A to L(H). Let 
(<I>p . . , H p . . , V p . . ) be the Stinespring representation associated with p u , i G {1,2}. 
The direct sum $ = <& Pii © $ P22 of the representations $ Pll and <& P22 is a represen- 
tation of A on the Hilbert space H = H Pii (BH P22 . We consider the linear operators 
V U V 2 G L(H, H ) defined by Vi(£) = V Pll £ 8 respectively V 2 (£) = © y p22 £. For 
each z G {1, 2}, the orthogonal projection of H on H p ._ is denoted by £7j. It is not 
difficult to check that the range of Ei is generated by {$ (a) 2£jVi£; a G A, £ G i?}, 
i G {1, 2}. Moreover, p fi (a) = V*$ (a) V u i G {1, 2}. 

Suppose that p n and p 22 are not disjoint. Then there are two nonzero projections 
Pi and F 2 in $ (A)' majorized by E\ respectively E 2 , and a partial isometry V in 
®(A)' such that V*V = Fx and VV* = F 2 . It is not difficult to check that the 

range of Pi is generated by {$ (a) PjVi£; a G A, £ G i? }, i G {1, 2}. We consider the 
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linear map 9 from A to M 2 (L(H)) denned by 

„, , f V 1 *F 1 ^(a)V 1 V^{a)V*V 2 
9(a) = 

y 2 *F$(a)^i V 2 *F 2 $(a)V 2 
It is not difficult to check that 9 is continuous and 

9 (a*b) = (M (a) W)* M (b) W, 



where 

r $ (a) $ (a) 

for all a and 6 in A. Then 



M(a) = 



and W 



FiVi 
F*F 2 



/ft / /ft \ / frt \ 

T*tf (a£a,) T 1= (J2 M{a k )WT k £ M (a,) WT, > 
ju=i \fe=i / \;=i / 

for all Ti,...,T m G M 2 (L(H)) and for all ai,...,a m £ A. This implies that 9 E 

CPoo(A,M2 and so S" 1 ^) £ CP^(A,L(H)) ( see Remark 2.1). Let p = 

btf]L=i' where ^2 = ( 5_1 (0)) 12 and P21 = (< s_1 W) 2 r Thcn 



(S(P)-O) (a) 



V^(E 1 -F 1 )9(a)V 1 

V 2 * (E 2 - F 2 ) $ (a) V 2 

for all a E A. Therefore S(p) - 9 E CP^A, M 2 (L(H))). From this fact and taking 
into account that 9 G CP^A, M 2 (L(H))), wc conclude that S(p) E CP^A, M 2 (L (H))) 
and then by Remark 2.1, p G CP£(A, L(ff)). If p 12 = 0, then V{<& (a) V*V 2 = 
for all a G A This implies that 

(a) y 2 £, $ (a) Fi Vit?) = (V?* (a* a) V*V 2 £, v) = 

for all a G ^4 and for all £,t] £ H. Since the range of Pi is generated by {3> (a) FiVi£; 
a G A, £ G H} and for all £ G if and a E A, V*§ (a) V 2 £ is an element in the range 
of Fi, the preceding relation yields that V*<& (a) V 2 £ = for all a E A and for all 
f G H. Then $ (a) F 2 V 2 £ - VV* (a) V 2 £ = for all a E A and for all f G if and so 
F 2 = 0. This is a contradiction, since F 2 is a nonzero projection in <!> (A)'. Therefore 
P12 0- Thus we have found a completely 2-positive linear map p = [p»j] such 
that p 12 ^ 0, a contradiction. Therefore p n and p 22 are disjoint and the proposition 
is proved. □ 



3. The Radon-Nikodym theorem for completely n-POsmvE linear 

MAPS 

Let A be a pro-C*-algcbra and let H be a Hilbcrt space. 



we 



Lemma 3.1. Let p = [Pij]^_ 1 be an element in CP^(A, L(H)). If T is a positv 
element in <& p (A)', the commutant of $ p (A) in L(H p ), then the map p T from 
M n {A) to M n (L (H)) defined by 

is a completely n-positive linear map from A to L (H) . 

Proof. It is not difficult to check that p T is a matrix of continuous linear maps from 
A to L(H), the (i, j)-entry of the matrix p T being the continuous linear map (pt)^ 
from A to L(H) defined by 

(PT) ij (a) = V* i T<t> p (a)V pJ . 
Also it is not difficult to check that 

S (p T ) (a*b) = (M t h (a) V) * (M T i (b) v) , 
for all a, b G A, where T5 is the square root of T, 



(a) = 

T2 v ' 



T5$ p (a) 




T~^ p (a) 




and V = 



V, 



V, 



p,n 



Then 



J] T;S(p T )(a^a k )T k 
k,l=l 



]T Tt (M t i ( 0j ) V) (M t i (a fe ) v) T k 



fe,/=i 



for all Xi, T m G M n (L(H)) and for all a\, a m G A. This shows that 5 (p T ) G 
CPoo (A, M„ (L(H))) and by Remark 2.1, p T G CP™ (A, L(-ff)). □ 

Remark 3.2. Let p = [ Pij ] n .. =1 G CP£(A, L(H)). 

(1) If Ih p is the identity map on H p , then p lH = p. 
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(2) J/Ti and T 2 are two positive elements in <j> p (A)' , then Pt 1 +t 2 = Pt x + Pt 2 - 

(3) If T is a positive element in $ p (A)' and a is a positive number, then 



Lemma 3.3. Let p = [p^-] " ^ be an element in CP^(A, L(H)) and let T\ and T 2 
be two positive elements in $ p (A)' . Then 7\ < T 2 i/ and only if p T < p T<2 . 

Proof. First, we suppose that T x < T 2 . Then Pt 2 -t ± e C-^S, (A an( i since 

(pt 2 - ptJ (W]- j= i) - (r 2 - to $ p ( aij ) v p , 3 ] n ij=1 

for all [fly]" - =1 € M„(A), we conclude that p Ti < p Ta . 



m n 



Conversely, suppose that p T < p Ta . Let ^ 2 ( a fe*) Vp,i£ki e ^p- Then 

fc=i i=i 



\k=l i=l / k=l i=l 



m n 



k,l=li,j=l 



m n 



= EE U 5 (pt 2 ) $ (p Tl )) (a^a«) , (W)" ) > 0, 

£ki if P = * an d 1 < fc < m 
where £ fcip = < . From this fact and taking into ac- 

if p i and 1 < fc < m 

count that {$ p (a) T^>,i£; a € A, £ G H, 1 < i < n} spans a dense subspace of iJ p , 
we conclude that T 2 — T\ > and the lemma is proved. □ 

Lemma 2. Let p = [pjj]™._ 1 and = [#ij]™ =1 &e two elements in CP^(A, L(H)). 
If < p, then there is an element W G L(H p ,Hg) such that 

(1) l|wi<i; 

(2) W^i = V&,i/oraJ!ie{l,...,n}; 

(3) W$ p (a) = $ (a)W for all a E A. 



Proof. Since 



E E * e ( flfe ) ^^.-E E $e (flfel) Ve ^ 
\fe=i i=i fc=i i=i / 



m n 



E E (Vej^Ka^Ve,^,^) 

k,l=l i,j=l 
m n 

E E 

fc,;=i i,j=i 



< 



c,i=l i,j = 1 * 
m n I 

E E v 5 ^) K a «) =1 - (4p) =1 



fc,Z=l ij=l 

1 m n m n \ 

= ( E E *<> ( a «) 7 ft^K»E E $ p ( a ^) ) 

\fe=l i=l fc=l i=l / 

for all afei G A and e i/, 1 < i < n, 1 < k < m, and since {<& p (a) V^j£; a £ 
A,£ E H, 1 < i < n} spans a dense subspace of H p , there is a unique bounded 
linear operator W from H p to such that 

(m n \ m n 

E E $ p ^ v p^i )= E E ^ (°«) 
fe=l i=l / fe=l i=l 

Moreover, ||W|| < 1. Let {caIagA be an approximate unit for A, £ e _ff and 
i £ {1, ...,n}. Then 

W%,i£ = limIT$ p (e A ) V P 4 = lim$ 9 (e A ) V e £ = V e £. 

Therefore WV p .i = Ve^ for all i e {l,...,n}. It is not difficult to check that 
W$ p (a) = <&e{a)W for all a € A. □ 

Let p = £ CP^(A, L(H)). We consider the following sets: 

[0,,,] = {^^(Ai(I));Kp} 

and 

[0,I} p = {Te^ p (A)';0<T<I Hp }. 

The following theorem can be regarded as a Radon-Nikodym type theorem for 
completely multi-positive linear maps. 



Theorem 3.4. The map T i— > p T from [0,I] p to [0,p] is an affine order isomor- 
phism. 

Proof. According to Lemmas 3.1 and 3.3 and Remark 3.2, it remains to show that 
the map T p T from [0, I] p to [0, p] is bijective. 

Let T G [0, 1] p such that p T = 0. Then V* t T$> p (a* a) V p4 = and so $ p ( a ) V Ptl = 
for all a E A and for all i G {1, ...,n}. From this fact and taking into account that 
{$ p (a) V p .i£_; a G A, £ G H, 1 < i < n} spans a dense subspace of H pi we conclude 
that T = and so the map T ^ p T from [0, 1] p to [0, p] is injective. 

Let G [0, p]. If VF is the bounded linear operator from H p to Hg constructed 
in Lemma 3.4, then W*W £ [0,I] p . Let T = W*W. From 

= [V p *iVF*VF$p (ay) K pJ ]^. =1 = p T ([a y ]^. =1 ) 

for all [o»j]" - =1 G M„(A), we deduce that 9 — p T and the theorem is proved. □ 

We say that a completely n-positive linear map p from a pro-C*-algebra A to 
is pttre if for every 6 G CP^(A, L(-ff)) with < p there is a G [0, 1] such that 
p = a9. 

A representation $ of a pro-C*-algebra A on a Hilbert space H is irreducible if 
and only if the commutant <J> (A)' of $ (A) in L(H) consists of the scalar multiplies 
of the identity map on H [4] . 

Corollary 3.5. Let p G CP^(A, L(H)). Then the following statements are equiv- 
alent: 

(1) p is pure; 

(2) The representation $ p of A associated with p is irreducible. 

Remark 3.6. If p is a continuous positive functional on A, then p G CP^ a (A, L(C)). 
Moreover, $ p is the GNS representation of A associated with p, and Corollary 3.6 
states that p is pure if and only if the representation $ p is irreducible. This is a 
particular case of the known result which states that a continuous positive linear 
functional p on a Imc* -algebra A with bounded approximate unit is pure if and only 
if the GNS representation of A associated with p is topological irreducible ( see, for 
example, Corollary 3.7 of [4]). 
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4. Applications of the Radon-Nikodym theorem 
Let A be a unital pro-C*-algebra and let H be a Hilbert space. 

Lemma 4.1. Let p = [p y ]" j=1 G // i G {l,2,...,n} are 

unitarily equivalent pure unital completely positive linear maps from A to L(H) 
and for all i,j G {1, ...,n} wif/i « ^ j t/iere is a unitary element Uij in A such that 
Pij{uij) = Ih, then p is pure. 

Proof. Let ($ p , H p , V Pi i, V p . n ) be the Stinespring representation associated with 
p. Let i, j G {1, ...,n} with i ^ j. Since 



|* P (««) ^ - v p ,\\ 2 = || (v;^ («?.) - t^) ($ p v pJ - y Pii )| 

Pjj(i) - Py - (py Kj))* + Pii(i) 



o 



we conclude that $ p (wy)Vpj = V^j. This implies that the vector subspaces Hi 
and Hj of £f p coincide. Therefore H p — Hi for all i G {1, ...,n}, and since <J> P (•) Pi 
acts irreducibly on Hi, i G {1, n}, the representation <I> p of ^4 is irreducible and, 
by Corollary 3.6, p is pure. □ 

The following proposition is a generalization of Propositions 2.5 in [10] and 4.5 
in [8]. 

Proposition 4.2. Let p = [py]" j=1 £ CP r ^(A 7 L(Hj) such that p ii7 i e {1,2, ...,n} 
are pure unital completely positive linear maps from A to L(H). If whenever p u is 
unitarily equivalent with pjj for some i,j G {1, ...,n} with i ^ j, there is a unitary 
element Uij in A such that Pij(uij) — Ih, then p is an extreme point in the set of 
all 9 = [0ij]" j=1 G CP£(A,L(H)) such that 6 U {1) = I H for all i G {1, ...,n}. 

Proof. By Proposition 2.6 and Lemma 4.1, p is a block-diagonal sum of disjoint 

"I Hr 

pure completely n r -positivc linear maps p r = p^k)j(k) , 1 < r < m, where m 

is the number of equivalence classes of the pure completely positive linear maps 

Pa and n\ + ... + n m = n. By Corollary 3.6, the representation $ Pr of A induced 

by p r is irreducible and, moreover, it is unitarily equivalent to a subrepresentation 

<f> r of $ p . Therefore <& p is a direct sum of disjoint irreducible representations $ r , 

r G {1, m}. For each r G {1, m}, we denote by E r the central support of <fr r 

(this is, <I> r (a) = <I> p (a) E r for all a G A). 

li 



Let 9 = [0ij]^ =1 ,a= € CP^(A,L(H)) with = a u (l) = I H for 

all i G {1, ...,n} and A G (0, 1) such that 

X6 + (1 - A)<7 = p. 

Then, by Theorem 3.5, there is T in $ p (A)' , < T < 7 Hp such that X9 = p T . From 
this fact and taking into account that <& r is irreducible and E r TE r is an element 
in <f> r (A)' for all r G {1, ...,m} and (1) = for all i 6 {1, ...,n}, we conclude 
that E r TE r = XE r for all r G {1, ...,m}. Consequently, T = \Ih„ an d so 9 = p. 
In the same manner we obtain a = p and so p is an extreme point in the set of all 
9 = [%]",=! G Ci£(.A,L(ff)) such that Ml) = for all i G {1, ...,n}. □ 

Let A be a unital pro-C*-algebra, _ff a Hilbert space and CP^(A, L(H), I) = 
{9 G CP£(A,L(H)y,6ii{T) = I H ,1 < i < n and 9 i3 (1) = 0, 1 < i < j < n}. From 
Remark 2.1 and Proposition 4.2 we obtain the following corollary that generalizes 
Corollaries 2.7 in [10] and 4.7 in [8]. 

Corollary 4.3. Let p = [p«]" J=1 G CP^(A, L(H), I) such that Pii , i e {1,2, ...,n} 
are pwre completely positive linear maps from A to L{H). If whenever p u is unitarily 
equivalent with p^ for some i,j G {1, ...,n} with i ^ j, there is a unitary element 
Uij in A such that Pij{uij) = Ir, then the map ip from A to M n (L(H)) defined by 
(p (a) = [p^ (a)] ™ is an extreme point in the set of all unital completely positive 
linear maps from A to M n (L(H j). 

The following theorem gives a characterization of the extreme points in CP^ Q (A 7 
L(H),I). 

Theorem 4.4. Let p G C P^(A, L(H) , I) and Ph the projection of H p on the 
Hilbert subspace H n generated by {V^j£;£ G H, 1 < i < n). Then p is an extreme 
point in CP^(A, L(H),I) if and only if the map T i — ► P Hq TP Hq from $ p (A)' to 
L{H p ) is infective. 

Proof. First we suppose that p is an extreme point in CP^ D (A, L(H), I). Let T G 
& P (A)' such that P Ho TP Ho = 0. Since P Ho T*P Ho = (P Ho TP Ho )* = 0, we can 
suppose that T = T* . From 

(V*iTV pd Z,r,) = (TV P jt,V p>i ri) = (P^TP^V^V^r,) = 
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for all i,j G {l,...,n} and for all £,r) G H, it follows that V^TV^ = for all 
i,j G {1, ...,n}. It is not difficult to check that there are two positive numbers a 
and (3 such that \l Hp < aT+/3I Hp < \l Hp . Moreover, (3 G (0, 1). Let T\ = f } T+I Hp 
and T2 = Ih p — jzr^T. Clearly, T\ and T2 are positive elements in $ p (A)' . Therefore 
p Ti and p Ta are completely n-positive linear maps from A to L{H). Moreover, since 



(i) 



and 



V*TV 



K)^ (i) = ^ - = = ft ,(i) 

for all i,j G {1, ...,n}, p T p T2 G CP^ (A, L(H), I). A simple calculation shows 
that 

PPt, +O--0) Pt 2 = P- 
From this fact, since p is an extreme point, we conclude that p T = p Ti = p and 
then by Theorem 3.5, T 1 =T 2 = I Hp , whence T = 0. 

Conversely, we suppose that the map T i — ► Ph TPh from <J> P (A) to L(H P ) is 
injective. Let 0, a G CP£,(A, L(H),I) and a G (0, 1) such that a6 + (1 - a) a = p. 
Then by Theorem 3.5, there is T G $ p (A)' , < T < I Hp such that a6> = p T and 
so 

a/ij if i = j 
if i^j 
From 

(Pho (T - aI Hp ) P Ho V pd £, V P!i rj) = (V* t TV p ^ V )-a (V*^, V ) = 

for all i, j 6 {I, ...,n} and for all £,r] G H, we conclude that Pr (T — oiIh p ) Ph„ = 
and so T = aln p - Consequently 9 = p. In the same way we obtain a = p. Therefore 
p is an extreme point in CP^(A, L(H), I). □ 
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